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Abstract. There are mainly two methods of calculating the parameters
of the regression equations: the minimization of the squared errors (or
least squares, LS) and the maximization of the likelihood. Regarding the
distribution of the error of experimental observations, there are several
theoretical distributions, but two of them are on the one hand better
known and on the other easily generalizable into one (Gauss–Laplace,
GL): the normal (or Gaussian) distribution and the double exponential
(or Laplace) distribution. In the construction of the squared errors is
possible to replace the classical vertical offsets (which are the sides of
the squares of the errors) with perpendicular ones, more suited when
all variables are equally subjected to experimental errors. In the present
work, it is proposed to use an iterative algorithm for the calculation of
the regression parameters using LS of perpendicular offsets under the
assumption of GL distributed error. The method is exemplified on a
non-linear regression model.
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1 Introduction

In physics, chemistry and biology and applied sciences symmetric distributions
play an essential role [1]. In physics, if it remains unchanged by some space-time
transformation, the thing is symmetric, so all conservation principles are exam-
ples of symmetry. In chemistry take for instance the water molecule, in biology
the radial symmetry of stems, and in medical sciences the bilateral symmetry of
body parts. Pillars of logics (true/false logical complements), probability theory
(uniform distribution) and statistics (min. vs. max.) are build on symmetry.

Generalized Gauss-Laplace (GL) distribution is a symmetric tri-parametric
distribution (parameters: location, scale, shape) for which the parameter estima-
tion via maximum likelihood and the method of moments have been reported in
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[2]. Unfortunately the parameters estimates do not have a closed form and must
be obtained numerically. Here is used a modified version of it [3] expressed as a
natural extension from Gauss’s [4] and Laplace’s [5] symmetric distributions.

The least squares (LS) method was introduced in the context of identifying
the parameters of elliptical planetary motion in [6] and reinvented under a dif-
ferent name in [7]. The classical approach of least squares (named ordinary LS)
is to employ vertical offsets [8], which means that the side of the square of the
sum of the squares of the errors is the distance between the observed and the
estimated values measured on the axis (usually depicted vertically) representing
the dependent variable. Unfortunately for the nonlinear case, the parameters
estimates do not have a closed form and must be obtained numerically.

When the observations come from an exponential family with identity as
its natural sufficient statistics and mild-conditions are satisfied (as in binomial,
exponential, normal and Poisson distributions), least-squares and maximum-
likelihood estimates are identical [9].

When perpendicular instead of vertical offsets are drawn, the residual is
normal to the model [10]. Furthermore, by construction, perpendicular offsets
makes the smallest squares and as such maximizes the likelihood.

One interesting fact is that the connection between the perpendicular offsets
and the maximization of the likelihood has been discovered [11] even before the
formulation of the maximum likelihood method [12, 13]. The solution employing
perpendicular offsets for simple linear regression was communicated for the first
time in [14] and revised in [15]. The parameters estimates from the perpendicular
offsets of the nonlinear regression once again do not have a closed form and must
be obtained numerically.

In this work, the least squares method (the correct formulation in this case
is least hypercubes) is employed to minimize the residuals constructed from per-
pendicular offsets in the case of nonlinear regression, assuming that they (resid-
uals) follow a Gauss - Laplace distribution. On a series of paired data coming
from current and voltage simultaneous measurements involving a photovoltaic
cell a nonlinear regression model was applied and the results are discussed.

2 Material and method

Let’s consider a general nonlinear model in two variables (x and y) in an explicit
form of it (Eq. (1)).

y ∼ f(x; c) (1)

where c are known coefficients as an array of m values (c0, ..., cm−1) intended
to be used to obtain a best fit with a series of n paired observed data ((x0, y0),
..., (xn−1, yn−1)). In Eq. 1 semicolon express that the c values are fixed in an
deterministic way (∼) usually to provide a best fit with the observed data. In
the context used in this paper x and y are one-dimensional (univariate) but the
following treatise can be extended to apply for multi-dimensional (multivariate)
case. In the classical vertical offsets the residuals are y0 − f(x0; c), ..., yn−1 −
f(xn−1; c).
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Let be g such that (g(x, y, z; c), Eq. 2):

g(x, y, z; c) =
√

(x− z)2 + (y − f(z; c))2 (2)

One approach to get the perpendicular offsets in each of the observation
points ((xk, yk) for k = 0, ..., n− 1) is to find zk for f , c and yk given, for which
g(xk, yk, zk) is minimum [10].

One should notice that in this instance g(xk, yk, zk) is the residual absolute
error (ϵk, Eq. 3).

ϵk = g(xk, yk, zk; c) (3)

Formally zk values can be added to the (xk, yk) pair, but on the other hand,
(xk, yk) is the pair of observed values while zk values depends on the values of c
coefficients (and by that in any estimation of them from experimental data on
all paired values). Let’s take a look to the case in which the perpendicular offset
is minimum (Fig. 1).

 

|xi - f
-1(yi; c)| 

y = f(x; c) 

(xi, yi), i = 0, ..., n 

|yi - f(xi; c)| 

(zi, f(zi)), i = 0, ..., n 

√((zi-xi)
2 + (f(zi)-yi)

2) 

Fig. 1. Perpendicular offset is locally the shortest path from the observation point to
the curve

The case illustrated in Fig. 1 doesn’t apply for functions with sudden vari-
ations. However, there is an alternate route approximating the size of the per-
pendicular offset when the inverse of the function is available (Eq. 4).

ϵk =
shsv√
s2h + s2v

, sh = |xk − f−1(yk; c)|, sv = |yk − f(xk; c)| (4)

GL distribution can be expressed [16] in terms of error standard deviation σ
and power of the errors q by using the Gamma function (Γ) with Eq. 5.

GL(ϵ, σ, q) =
q

2σ

(Γ(3/q))1/2

(Γ(1/q))3/2
exp

(
−|ϵ|

q

σq

(
Γ(3/q)

Γ(1/q)

)q/2
)

(5)
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For convenience, a simple check reveals the two particular casses, Gaussian
and Laplace distributions given in Eq. (6), where µ is the population mean.

GL(x− µ, σ, 2) =
1√
2πσ

exp

(
−|x− µ|2

2σ2

)
,

GL(x− µ, σ
√
2, 1) =

1

2σ
exp

(
−|x− µ|

σ

) (6)

With the data from [10] function f from Eq. (7) proven to provide a very
good fit.

f(x; c) = c0 − exp(−c1 + c2ln(x)) (7)

The same function is considered here. It’s inverse is given in Eq. (8):

f−1(x; c) = exp

(
ln(c0 − y) + c1

c2

)
(8)

The residual error (RSQ) from GL subjected to minimization can be consid-
ered the one from Eq. (9):

RSQ =

(
n−1∑
k=0

ϵqk

)q−1

(9)

With a powerfull nonlinear optimization library, from hereon, only the state-
ment of the problem in the formalism of the library must be given. In the expe-
rience of the author, such libraries are available in Mathcad [17], Mathematica
[18], Matlab [19] and open libraries (such as AlgLib [20]) usable under a program-
ming environment (such as FreePascal in [10]). Here only the general procedure
is given (for the algorithms to be slightly adapted see [10]):

– Do the initial estimates for the values of the parameters C from classical
Gaussian vertical offsets of the selected model (Eq. (7)) of nonlinear regres-
sion;

– Add q to the list of parameters (q ← 2 initializes it);
– Run the minimization for RSQ (Eq. (9)) with ϵk from Eq. (4) or Eq. (3).

3 Results and discussion

The optimization should be feed with some initial data. The initial data can be
taken from nonlinear regression with vertical offsets and Gaussian distribution
of the error (q = 2). Using the experimental data given in [10], the values given
in Tab. 1 were used for the initialization of the optimization.

In Tab. 1 also a series of solar cell parameters are derived: short circuit
intensity (Isc), open circuit voltage (Uoc), current at maximum power point
(Ixp), voltage at maximum power point (Uxp), and power at maximum power
point (Pxp).
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Table 1. Initial estimates for the coefficients.

n Initial C Statistics PV cell parameters

3

c0 = 1.83
c1 = 22
c2 = 3.07
q = 2.0

RSS = 0.0019093
r2adj = 0.9986
F = 9228

Isc = 1.83000 mA
Uoc = 1576.51 mV
Ixp = 1.3804 mA
Uxp = 998.00 mV
Pxp = 1.3776 mW

Isc = f(0; c); Uoc = f−1(0; c); Uxp = u | (u·f(u; c))′u = 0; Ixp = f(Uxp; c); Pxp = UxpIxp

Fig. 2 provides the evolution of parameters values with the optimization
advancement starting from Tab. 1 data when Eq. (4) is used.
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Fig. 2. Parameters of the model (c0, c1, c2) and the power of the error (q) as functions
of milions of iterations until convergence with Eq. (4)

Convergence is relatively fast when compared with the alternate algorithm
[10] considering that here the double embedded optimization has been reduced
to a single optimization (the inner optimization has been replaced by a simple
analytic calculation). However, in terms of the number of steps the optimization
has been increased in complexity - which is the expected outcome since a new
parameter has been added - q - the power of the error (see Eq. (5)).

Optimization is smooth to the convergence (see Fig. 3).
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Fig. 3. Residual error RSQ as function of milions of iterations until convergence ap-
proximating ϵk with Eq. (4)

The final optimized values of the parameters using Eq. (4) are given in Tab.
2.

Table 2. Final (Eq. (4) optimum) estimates for the coefficients (after 14280311 itera-
tions starting from Tab. 1 data).

n Final C Statistics PV cell parameters

3

c0 = 1.82335
c1 = 22.5285
c2 = 3.14617
q = 4.09287

RSS = 0.001163
r2adj = 0.9986
F = 9499

Isc = 1.82335 mA
Uoc = 1558.56 mV
Ixp = 1.3836 mA
Uxp = 994.93 mV
Pxp = 1.3766 mW

Isc, Uoc, Uxp, Ixp, Pxp derived in same manner as in Tab. 1

If the optimization did not increased the adjusted determination coefficient,
it significantly decreased the residual error (RSS, from 0.0019 in Tab. 1 to 0.0012
in Tab. 2). Also the total variance explained by the model has been increased
(F value is 9228 in Tab. 1 and 9499 in Tab. 2). Some of the parameters suffered
some change after the optimization (take for instance open circuit voltage, with
more than 1 % change) a very little change (take for instance the maximum
power, with less than 1 � change).

When compared to the previously reported optimization (Tab. 3 in [10]),
the statistics did not bring more explanatory power (take for instance F value,
which is 9528 in [10] and 9499 reported here).

The alternate (to Eq. (4)) approach is to effectivelly find (by optimization)
the normal to the courve (find zk such that ϵk from Eq. (3)) to be minimum.
The results regarding the evolution of the values of the parameters staring from
the same initial values from Tab. 1 are provided in Fig. 4.
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Fig. 4. Parameters of the model (c0, c1, c2) and the power of the error (q) as functions
of milions of iterations until convergence with Eq. (3)

Optimization is smooth to the convergence (see Fig. 5).
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Fig. 5. Residual error as function of milions of iterations until convergence calculating
ϵk with Eq. (3)

A significantly higher number of iterations were necessary to get the exact
solution (over 40 millions interations in Fig. 5, less than 15 millions iterations in
Fig. 3). The exact solution is even more time consumming than the ratio of the
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two numbers shows, considering that to get the exact values of the perpendicular
oofsets is another problem of optimization (for a detailed discussion please see
[10]).

The final optimized values of the parameters using Eq. (3) are given in Tab.
3.

Table 3. Final (Eq. (3) optimum) estimates for the coefficients (after 40764550 itera-
tions starting from Tab. 1 data).

n Final C Statistics PV cell parameters

3

c0 = 1.82294
c1 = 22.5634
c2 = 3.15092
q = 5.14599

RSS = 0.001190
r2adj = 0.9986
F = 9477

Isc = 1.82294 mA
Uoc = 1558.48 mV
Ixp = 1.3838 mA
Uxp = 992.01 mV
Pxp = 1.3727 mW

Tab. 3 data reveals that the statistics for the regression optimum model in
the supposition of generalized Gauss-Laplace distribution of the error have RSS
and F values smaller than the values calculated under the supposition of Gaus-
sian distribution of the error [10]. Even more, it can be mathematically proved
that also r2adj from generalized Gauss-Laplace distribution supposition is less or

equal with r2adj from Gaussian supposition, and this is simply because every-

where in these formulas (RSS, r2adj, and F ) is about squared quantities, like in
Gaussian distribution. This expected outcome does not imply that the obtained
regression model is less performant, since the two models are derived in two dif-
ferent statistical suppositions. On the same argument, the residual sums of the
Eq. (9) form with the optimum coefficients from Gaussian supposition are bigger
(or equal when q = 2) than the residuals obtained with the optimum coefficients
from generalized Gauss-Laplace supposition (for the sake of the argument, the
residual sums of the Eq. (9) form, when q is 5.14599 - with the coefficients from
Tab. 3 in [10] is 0.019428 while the same with our Tab. 3 coefficients - also
represented in Fig. 5 - is 0.018369).

4 Conclusions

Generalized Gauss-Laplace distribution of the experimental error is always able
to reduce further the residual error (by adding also one more parameter to
be estimated, the power of the resuidual error), but as has been shon in the
considered example case this addition does not always bring more explanatory
power.

A negative result is also communicated here - about the simplification of the
route to the perpendicular offets by the use of the approximation of them as the
height of the triangle formed by the vertical and the horrizontal offsets (Eq. (4)
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in the paper) - even in a case with smooth variations and points close to the
model, the approximation do not accuarely provide the optimum point.

The main result reported here is that a iterative optimization has been suc-
cesfully applied to the problem of generalized Gauss-Laplace distribution of the
error in a case of paired data sets when both paired variables are affected by
errors and perpendicular offsets were involved to identify the parameters for a
nonlinear regression model.
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6. Legendre, A.M.: Sur la méthode des moindres quarrés, pp. 72–75. Firmin Didiot,

Paris (1805). URL http://books.google.com/books?id=FRcOAAAAQAAJ



10 Carmen E. Stoenoiu, Lorentz Jäntschi

7. Griliches, Z., Ringstad, V.: Error-in-the-variables bias in nonlinear contexts.
Econometrica 38(2), 368–370 (1970). DOI 10.2307/1913020. URL http://doi.
org/10.2307/1913020
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19. Joiţa, D.M., Tomescu, M.A., Bàlint, D., Jäntschi, L.: An application of the
eigenproblem for biochemical similarity. Symmetry 13(10), 1849 (2021). DOI
10.3390/sym13101849. URL http://doi.org/10.3390/sym13101849

20. Bochkanov, S.: Alglib project. ©1994-2017. http://alglib.net, last accessed
2023/07/19 (2017)


